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A statistical model is proposed to account for the influence of the dispersion of the microstructure on the
ductile-to-brittle transition in body centered cubic (bcc) metals and their alloys. In this model, the disper-
sion of the microstructure is expressed via a normal distribution of transition temperatures whereas a
simple relation exists between the values of absorbed, lower and upper shelf energies, the ductile area
fraction and the distribution parameters. It is shown that via an appropriate renormalization of energies
and temperatures, experimental data for different materials and ageing conditions align all together on a
master curve, guaranteeing thereby the effectiveness of the proposed statistical description.
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1. Introduction

It is established that the mechanical response of bcc metals and
of their alloys (e.g. ferritic steels) to an external stress transforms
from brittle to ductile on increasing the temperature [1–3]. This
behavior is related to the increase with temperature of the fracture
toughness of the material and attests for the evolving competition
between underlying mechanisms of failure. The crossover between
brittle and plastic failure modes is often referred to as the ‘‘ductile-
to-brittle transition”, though it does not originate from a thermo-
dynamic phase transformation.

In the popular Charpy test [1], the ductile-to-brittle transition
temperature, TDBT, is determined by the absorbed energy reaching
an arbitrarily fixed threshold value for the sample under test.
When testing several, nominally identical samples, it is commonly
observed that in the transition region, the absorbed energy values
are largely scattered [4] whereas different plateau values, brittle
(lower shelf) and ductile (upper shelf), are obtained from dynamic
or static mechanical tests [5]. Moreover, this dispersion is charac-
teristic of all the kinds of experimental determinations of the frac-
ture toughness whereas for a given material TDBT values are
sample-size dependent.

Associated to the measurement of the absorbed energy, the
examination of fracture surfaces provides a qualitative description
of the failure mode subsequently labeled as intergranular brittle,
transgranular brittle, ductile or mixed. In the transition region, a
ll rights reserved.
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mixed mode is always observed i.e. fracture surfaces consist in a
mixture of areas with brittle or ductile features, suggesting the in-
crease of the absorbed energy with the temperature be related to
an increasing fraction of the material undergoing ductile failure.
Most of the published observations of fracture surfaces are qualita-
tive, aiming at the identification of the dominant fracture mode. In
recent works however, the approach has been extended by means
of quantitative fractography showing that in fracture surfaces the
distribution of ductile and brittle areas is highly heterogeneous
and that in static tests the ductile fraction is higher than in dy-
namic tests [5]. Finally, it has been remarked that in brittle frac-
ture, plastic deformation can be present at a microscopic scale
without any macroscopic evidence of ductility since dislocations
are needed for initiating cleavage [5].

Macroscopic modeling of the impact test has been devoted to
the derivation of reasonable forms for fitting the experimental re-
sults and for obtaining estimates of models parameters and of the
associated standard errors [4,6,7]. However, no generally accepted
distribution function has been proposed accounting for the vari-
ability in the proportions of brittle and ductile fracture stemming
from the dispersion in the microstructures of the samples.

In this work, a physically motivated statistical distribution func-
tion is proposed for describing the ductile fraction in an impact test
specimen as a function of the temperature. This distribution ac-
counts for the variability of the ductile fraction, stemming from
the dispersion of the specimen microstructure. In the following
paragraphs, the model is introduced and its principal implications
are derived. The validation of the model is then made through a
comparison with experimental data for steels [8,13–17] and refrac-
tory metals [9–11] from the literature. Finally, the results are
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Table 1
Model parameters, ELS, EUS, s and T0, adjusted to experimental data from the literature
for different materials and ageing conditions. ELS and EUS are the lower and upper
shelf energies whereas T0 represents the transition temperature and s the standard
deviation.

Material T0

(K)
r
(K)

ELS

(mJ/m2)
EUS

(mJ/m2)
Reference

Steel A508C13 249 39 0.12 22.58 [8]
Steel A508C13

neutron irradiateda
352 37.5 0.72 16.72 [8]

Nb 249 10.15 0.97 26.06 [9]
V 322 0.1 0.109 1.04 [10]
W 1070 101.7 0.037 1.11 [11]

a Irradiation conditions: T = 563 K, dose: 3.2 � 1019 neutrons/cm2 (E > 1 MeV),
dose rate: 1013 neutrons/cm2/s.
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discussed and reasons in favor of further developing quantitative
fractography are given.

2. The model

Due to their microstructures, real materials are heterogeneous
even for states close to the thermodynamic equilibrium. It is there-
fore expected that conditions under which a fracture can nucleate
and propagate are position dependent. Let us denote T0, the duc-
tile-to-brittle transition temperature for the average material ta-
ken as the reference and dn, the number of regions (grains)
having at the temperature T, a ductile-to-brittle transition temper-
ature in the range [T, T + dT]. It is then reasonable to assume that,
dn, is normally distributed:

dn ¼ qðTÞdT ¼ A exp
ðT � T0Þ2

2r2

" #
dT ð1Þ

where, A, is a normalization constant and r2, the variance of the
normal distribution expressing the micro-structural dispersion. If,
N, is the total number of such regions, A, is determined by integrat-
ing (1):

N ¼
R Tm
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2r2

h i
dT

A ¼
ffiffiffi
2
p

q
N
rB

B ¼ erf Tm�T0
r
ffiffi
2
p

� �
þ erf T0

r
ffiffi
2
p

� �

8>>>><
>>>>:

ð2Þ

where, Tm, is the melting point temperature and ‘‘erf” denotes the
error function. The fraction, f(T), of micro-structural regions (grains)
having undergone the transition at any temperature, T, is then given
by

f ðTÞ ¼ nðTDBT 6 TÞ
N

¼ 1
N
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Assuming that the controlling factor determining the level of
the absorbed impact energy, E(T), is the proportion of the material
likely to fracture in the ductile mode, the following linear relation,
already used by others, holds [6]:
Fig. 1. Absorbed impact energy for steel 16MND5 (SA508C13) plotted as a function of th
circles) from Ref. [8]. Full lines are best fits of Eq. (4) to the experimental data; (b) maste
the fitting parameters are given in Table 1.
EðTÞ ¼ ELS þ ðEUS � ELSÞf ðTÞ ð4Þ

where, ELS and EUS, represent respectively the lower and upper shelf
energies. Whenever Tm� T0 and T0� r, instead of Eq. (4) the fol-
lowing approximated expression can be used with excellent
accuracy:

EðTÞ � ELS þ
1
2
ðEUS � ELSÞ 1þ erf

T � T0

r
ffiffiffi
2
p

� �� �
ð5Þ

Provided the assumptions leading to Eqs. (3) and (4) are realis-
tic, the proposed model predicts the existence of a master curve,
E* = erf (T*), obtained by rescaling the coordinates. This curve is ex-
pected fitting experimental data whatever the materials studied
and the ageing mechanisms controlling the ductile-to-brittle tran-
sition temperature e.g. thermal, mechanical or irradiation. The re-
scaled coordinates, E* and T*, are given by

E� ¼ EðTÞ�ELS
EUS�ELS

� �
B� erf T0

r
ffiffi
2
p

� �
T� ¼ T�T0

r
ffiffi
2
p

8<
: ð6Þ

Similarly, the rescaled ductile fraction, F*, is given by

F�ðT�Þ ¼ f ðT�ÞB� erf
T0

r
ffiffiffi
2
p

� �
� 2f ðT�Þ � 1 ð7Þ
e temperature: (a) experimental data before (open circles) and after irradiation (full
r curve (full line) and the above experimental data after rescaling (Eq. (6)). Values of
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In this model, the macroscopic transition temperature, T0, corre-
sponds to the inflexion point of the error function (Eqs. (3)–(5)) de-
fined as the weighted average of ductile-to-brittle transition
temperatures of the regions composing the sample. T0 can be
determined by fitting Eq. (4) on the absorbed impact energy data
or, equivalently, Eq. (3) on the ductile fraction data obtained from
quantitative fractography.
Fig. 2. Absorbed impact energy plotted as a function of the temperature. Master
curve (full line, Eq. (6)) and experimental data for steel 16MND5 (SA508C13) (open
circles, [8]), Nb (full squares, [9]), V (full circles, [10]) and W (full triangles,
[11]).Values of the fitting parameters are given in Table 1.

Fig. 3. Absorbed impact energy plotted as a function of the temperature. Master
curve (full line, Eq. (6)) and experimental data for steel F82H. Full and open circles:
CVN and MCVN samples [15], full diamonds: MCVN samples [16], full triangles:
small punch test samples [14], full and open squares: CVN samples with impact
direction respectively parallel or normal to the rolling direction [13].Values of the
fitting parameters are given in Table 2.
3. Comparison with experiments

The relevance of the model is here tested by seeking its ability
to fit experimental data for steels and refractory metals extracted
from the literature. Fig. 1a displays data of Charpy V-notched spec-
imens (referred hereafter to as CVN) for steel 16MND5 (close to
grade ASME SA508C13) before and after irradiation [8], together
with the best fits of Eq. (4) to the data. The fit parameters are listed
in Table 1. The overall quality of the fit is satisfactory whereas the
extracted value of the transition temperature shift after irradiation,
dT0 � 103 K, is close to the value reported by the authors,
dTDBT = 111 K [8]. By rescaling the energy and temperature (Eq.
(6)) the data align on the master curve displayed in Fig. 1b.

In Fig. 2, the master curve is drawn together with the above
experimental data for steel 16MND5 [8] and data for niobium
[9], vanadium [10] and tungsten [11]. The fit parameters are listed
in Table 1. Irrespective to the considered material all the rescaled
experimental data align on the master curve with little residual
scatter. Both Figs. 1b and 2, indicate that in these reference and
irradiated materials the mechanisms of plastic energy absorption
Fig. 4. Reduced absorbed impact energy, E* (open symbols) and ductile fraction, F*
(bulk symbols) as a function of the reduced temperature, T*, from CVN samples in
steel F82H [13]. Master curve (full line, Eq. (6)), circles and squares correspond to
specimens respectively machined along the perpendicular or the parallel to the
rolling direction [13].

Table 2
Model parameters fitted to experimental data for steel F82H with different sample
dimensions CVN, MCVN and small disks adapted to Charpy and small punch tests.
TDBT is the transition temperature value reported in the referenced works.

Sample T0

(K)
r
(K)

ELS

(mJ/m2)
EUS

(mJ/m2)
TDBT

(K)
Reference

Small punch 112 9.5 0.006 0.023 109 [14]
MCVN 182 9.2 0.033 0.93 173 ± 5 [15]
MCVN 213 1.5 0.0225 0.906 214 [16]
MCVN 176 0.1 0.05 0.98 – [17]
CVN 220 5.8 0 30.0 223 ± 10 [15]
CVN 228 18.5 0.425 32.5 234 [13]a

CVN 218 0.6 0.424 26.1 225 [13]b

a Impact direction: normal.
b Impact direction: parallel to the rolling direction.



Table 3
Model parameters, s and T0, extracted from experimental values of the ductile fraction in steel F82H. TDBT is the transition temperature value reported in [13].

Estimated through Rd ¼ ðEðTÞ � ELSÞ=ðEUS � ELSÞ (see text) From experimental ductile fraction data TDBT (K) Reference

T0 (K) r (K) T0 (K) r (K)

228 18.5 232 22 234 [13]a

218 .6 229 24 225 [13]b

a Impact direction: normal.
b Impact direction: parallel to the rolling direction.
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underlying the ductile-to-brittle transition are fundamentally sim-
ilar. Moreover, this behavior suggests that the model successfully
incorporates the dispersion of the microstructure present in the
experimental samples.

It is well known that the values of the transition temperature
and of the lower and upper shelf energies depend crucially on
the size of samples [12]. It is therefore interesting to seek the exis-
tence of the master curve for data collected using samples of differ-
ent sizes such as CVN, miniature CVN (MCVN) and disks adapted to
small punch (SP) tests. Fig. 3 displays the master curve and data
from CVN, MCVN and SP samples for the steel F82H (Table 2).
Again, all the data align on the master curve further supporting
the conclusions drawn above from Figs. 1 and 2.

Eq. (4) expresses the absorbed energy during an impact test as
an ideal mixture of plastic energies related to regions of the tested
sample failing in the brittle, mixed or ductile modes. An easy esti-
mation of the ductile fraction, f(T), is given by the ratio,
Rd ¼ ðEðTÞ � ELSÞ=ðEUS � ELSÞ though this fraction can also be di-
rectly determined by examining quantitatively the fracture sur-
faces. Fig. 4 displays the master curve, E*(T*), together with
absorbed energy and ductile fraction data for steel F82H [13].
The model fits satisfactorily the experimental data proving thereby
that Eq. (4) provides a reasonable description of the amount of ab-
sorbed plastic energy as a function of the temperature. The exper-
imental data in Fig. 4 were collected by Shiba et al. [13] who used
two types of rolled samples so as to align the rolling direction par-
allel or normal to the impact direction. These authors report that
the corresponding transition temperatures are different by,
dT = 9 K (Table 3). However, by using their ductile fraction data,
T0 values obtained in the present work for the two series of sam-
ples are in closer agreement, T== ¼ 229 K and T\ = 232 K, with sim-
ilar dispersion parameters, r, suggesting the ductile fraction be less
affected by experimental errors than the absorbed energy.

In Tables 1 and 2, values of the mean squared deviation, r, are
also reported for each of the data sets used for testing the statisti-
cal model. These are reasonably small, as they do not exceed in
general 3% of the melting temperature. In absence of more ex-
tended experimental data from samples with different microstruc-
tures, the sensitivity of this parameter to the dispersion of
particular micro-structural features cannot be assessed. However,
it is remarkable that before and after irradiation [8], this parameter
does not change significantly (Table 1).

4. Discussion

The statistical model proposed in this work, describes the duc-
tile-to-brittle transition at the macroscopic level at which the dis-
persion of micro-structural features superimposes the aspects
revealed by the microscopic vision of this phenomenon [1–3]. Its
principal advantage is to reveal the universal features of the tran-
sition by means of the master curve obtained by rescaling the coor-
dinates, absorbed energy or ductile fraction and temperature.
Experimental data for any material, type of test (Charpy or small
punch) and condition (as prepared or after irradiation) align on
the master curve after coordinate-rescaling, specified by the best
fit values of ELS, EUS, r and T0. The standard deviation, r, is directly
related to the micro-structural dispersion and offers a rational
mean to test its influence on the transition. To this end, absorbed
energy and ductile fraction from quantitative fractography are
both needed as a function of the temperature, which are not al-
ways available so that progress in the matter may imply resorting
to new experiments.

Different macroscopic definitions of the ductile-to-brittle tran-
sition temperature from Charpy tests can be found in the literature,
which correspond to an arbitrarily defined amount of absorbed
plastic energy, expressed as a fraction of the upper shelf energy
(USE). On the opposite, within the statistical model, TDBT = T0, is un-
iquely defined by the condition, d2Eabsorbed/dT2 = 0, that is by the
temperature at the inflexion point of the graph, E = E(T) (Eq. (4)).
If any physical meaning could be assigned to TDBT, we speculate
that this would be possible only at, TDBT = T0, the single remarkable
point on this curve [16].

Finally, T0 can be equally determined from the absorbed energy
or the ductile fraction changes as a function of the temperature.
However, the two methods are not equivalent since the latter in-
volves only two adjustable parameters, r and T0. Therefore, exper-
imental errors contribute differently to the values of the adjustable
parameters of the statistical model depending on the method em-
ployed. It is likely that ductile fraction data are affected to a lesser
extent by uncertainties than are absorbed plastic energy values.
More systematic work is needed to clarify this specific point. An-
other unconditional advantage of the quantitative fractography is
that assessing the influence of percolation of brittle (ductile) re-
gions on the macroscopic failure of materials is straightforward.
Thus this approach is likely to reveal in the future key features of
the transition and possibly trigger better understanding of the
underlying mechanisms.

5. Conclusion

In this work, the influence of the micro-structural dispersion on
the ductile-to-brittle transition of fracture is modeled via a statis-
tical approach. The model proposed has universal features ex-
pressed by a master curve on which align renormalized
experimental data of absorbed energy or ductile fraction as a func-
tion of the temperature, irrespective of the considered material,
specimen sizes and micro-structural conditions. The effectiveness
of this statistical model has been tested by confrontation to exper-
imental data for steels and refractory metals taken from the
literature.
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